Abstract. This work revisits the notions of connection and curvature in generalized geometry, with emphasis on torsion-free generalized connections on a transitive Courant algebroid. As an application, we provide a mathematical derivation of the equations of motion of heterotic supergravity in terms of the Ricci tensor of a generalized metric, inspired by the work of Coimbra, Strickland-Constable and Waldram.
Introduction
Generalized connections were introduced by M. Gualtieri in [31] , for the study of holomorphic Poisson structures and generalized Kähler geometry. In this work we revisit this notion with a completely different emphasis: we fix a generalized metric and consider generalized connections compatible with the metric and with vanishing torsion. The study of torsion-free generalized connections has not been addressed before in the mathematics literature, probably due to the uneasy fact that, in generalized geometry, the metric does not determine a unique such connection. In addition, the precise geometric set-up for our study makes use of transitive Courant algebroids [42, 47, 51, 12] , extending Hitchin's original proposal for generalized complex geometry [32] . Non-exact Courant algebroids arise naturally from the theory of reduction of Burzstyn, Cavalcanti and Gualtieri [14] . In generalized geometry, its study was proposed by Baraglia [5] and has been recently developed by Rubio in [46] .
One motivation for the study of generalized geometry is that it provides a natural framework to describe the geometry of string theory or M-theory in the presence of fluxes [36] . In Hitchin's seminal work [32] , generalized geometry is formulated in the generalized tangent bundle T M ⊕ T * M of a manifold M and incorporates a closed 3-form that can be interpreted as the H-flux in type II string theory. For the study of M-theory, this structure was extended by Hull [36] considering higuer order forms and a modification of the generalized tangent bundle. Despite its interest in physics, a similar treatment of the heterotic string has been, so far, elusive. The first difficulty is that the H-flux in this theory is not closed, but rather satisfies the Bianchi identity
relating the 4-form dH with the curvatures R and F A of a pair of connections; one in the tangent bundle, the other in a principal (gauge) bundle over M (see Section 5 for details).
As an application of our study of torsion-free generalized connections, in this work we provide a mathematical derivation of the equations of motion of heterotic supergravity [9] (see also [7, 24] ) -the low energy limit of the heterotic string -inspired by the geometric description of 11-dimensional and type II supergravity by Coimbra, Strickland-Constable and Waldram [20, 21] . Crucially, the Bianchi identity (1.1) is incorporated in the geometry of a transitive Courant algebroid over M via the definition of its bracket. This partially confirms Bouwknegt's recent proposal [11] for the geometrization of supergravity theories using generalized geometry (for previous attempts in the heterotic case see [3, 33] )
To explain the geometric set-up, in Section 2 we construct transitive Courant algebroids via generalized reduction [14] . Given a principal G-bundle P with vanishing first Pontryagin class, in Proposition 2.3 we observe that its generalized tangent bundle T P ⊕ T * P carries a canonical structure of (exact) Courant algebroid endowed with a (lifted) G-action. Using generalized reduction, we construct a transitive Courant algebroid E with underlying vector bundle T M ⊕ ad P ⊕ T M * over the base manifold M = P/G and calculate explicitely its bracket. To the knowledge of the author, the construction of transitive Courant algebroids by reduction was first pointed out by Severa in [47] . A more fundamental approach to these objects in the context of generalized geometry has been undertaken by Rubio in [46] (for abelian group G).
In Section 3 we study torsion-free generalized connections compatible with a generalized metric, on the reduced space E. We define a notion of generalized metric V + ⊂ E, that we call admissible, and prove tha existence of a canonical compatible generalized connection D 0 with vanishing torsion. A remarkable fact about D 0 is that it singles out four (standard) connections with skew torsion, compatible with a metric g, given by (see (3.19) )
where ∇ g denotes the Levi-Civita connection of g. This set of connections was used by Bismut [10] to prove a Lichnerowicz type formula and a local index theorem for connections with skew torsion (see also [25, 40] ).
The assignment V + → D 0 is naturally preserved by the symmetries of E and, based on this, we believe that the connection D 0 is the analogue of the Levi-Civita connection in generalized geometry (see Remark 3.8). However, as pointed out in [20] , we should emphasize that a choice of generalized metric V + does not determine uniquely a torsion-free compatible generalised connection. Far from that, one can modify the connection D 0 by elements in the kernel of the natural map
where V − denotes the orthogonal of V + with respect to the ambient metric on E. To explicitely exhibit this fact -and as a need for our applications -we construct a family of such connections D ϕ parameterized by 1-forms ϕ ∈ Ω 1 (M), adding a Weyl term to the canonical connection D 0 . In Section 4 we study two natural quantities introduced by M. Gualtieri [31] that are canonically attached to any generalized connection, namely, the generalized curvature GR and the generalized Ricci tensor GRic (see also [20] ). We provide explicit formulae for these tensors for any element in our family D ϕ . This lead us to our main application: for a ten dimensional spin manifold M and a suitable choice of principal bundle P , in Section 5 we prove that the combination of the equations of motion and the Bianchi identity in heterotic supergravity coincide with the Ricci flat condition (see Theorem 5.4)
for the generalized connection D ϕ on the transitive Courant algebroid E. Here, the choice of one form ϕ = −6 rk V + − 1 dφ corresponds to the choice of a dilaton field φ ∈ C ∞ (M) in the physical theory. For this, we note that the other (bosonic) fields of the theory, provided by a metric g, a three form H ∈ Ω 3 (M) and a gauge connection A, are naturally parameterized by the notion of admissible metric V + .
To clarify ideas an exhibit the main differences of our approach with that of [20] , we first discuss how our framework applies to Type II supergravity in Section 5.1. A novelty with respect to [20, 21] is the treatment of the dilaton field. In this work, we interpret the freedom provided by the dilaton field in the physical theory as the freedom of choice of torsion-free metric connection in generalized geometry. This opens the possibility of considering more general fields, in the kernel of the natural map (1.2) playing the role of the dilaton in supergravity and, in particular, in compactifications of the heterotic string. We leave this perspective to the physicists.
An interesting fact of our main result, as well as in the generalized geometric treatment of type II [20] and 11-dimensional supergravity [21] , is that the 3 natural quantities which arise from the generalized Ricci tensor agree exactely with the leading order term in α ′ -expansion of the β functions in the sigma model approach [15] . This stablishes an identification between the renormalization group flow of these physical theories and the generalized Ricci flow (see [44, 48, 49] for work done in this direction).
Further motivation for this work comes from the complex geometry of heterotic compactifications, provided by the Strominger System [50] . From a mathematical perspective, this system provides a generalization of the Kähler Ricci-flat equation for the case of non-Kähler Calabi-Yau manifolds and its study has been proposed by S.-T. Yau in order to understand moduli spaces of complex 3-folds with trivial canonical bundle. Although there has been recent progress in the study of the existence of solutions (see [1, 2, 41] and references therein), this problem is widely open, the main difficulties being its non-Kähler nature and the lack of understanding of its geometry. Throughout this paper we hope to show that generalized geometry provides a promising approach to study the geometry arising from the heterotic string. The application of this theory to the Strominger System will require the understanding of the supersymmetry variations in terms of spinors in transitive Courant algebroids and the study of holomorphic structures on these objects. We hope to address these and other related questions in future work.
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Transitive Courant algebroids and reduction
In this section we study lifted actions [14] on an exact Courant algebroid over a principal bundle. Assuming the existence of an equivariant isotropic splitting, we will show that any connection determines an explicit presentation of the curvature 3-form in terms of the Chern Simons 3-form, up to B-field transformation and basic terms. Conversely, starting with a principal G-bundle P with vanishing first Pontryagin class, we observe that its total space carries a canonical exact Courant algebroid endowed with a lifted action and admitting an equivariant isotropic splitting. As observed by Severa [47] , when the induced quadratic form c on the Lie algebra of the structure group is non-degenerate, the action is non-isotropic and lead us to a (non-exact) transitive Courant algebroid over the quotient, as considered in [19] .
2.1. Lifted actions on a principal bundle. Let G be a real Lie group with Lie algebra g. Let P be a smooth principal G-bundle over a smooth ndimensional manifold M, with action on the right. LetÊ be an exact Courant algebroid over P , given by a short exact sequence
Let ψ : g → Γ(T P ) be the Lie algebra homomorphism given by the infinitesimal g-action on P .
Definition 2.1 ([14]
). A lift of the G-action toÊ is an algebra morphism ρ : g → Γ(Ê) making commutative the diagram
and such that the infinitesimal g-action on Γ(Ê) induced by the Courant bracket integrates to a (right) G-action onÊ lifting the action on P .
In the sequel, we fix a lifted G-action ρ : g → Γ(Ê) onÊ and assume that it is G-equivariant, that is ρ(Ad(g)z) = gρ(z)
for all g ∈ G and z ∈ g. Furthermore, we assume that the action onÊ admits at least one equivariant isotropic splitting λ : T P →Ê. Associated to the lifted action ρ there is an invariant quadratic form on g, defined by
Given an equivariant isotropic splitting λ : T P →Ê of (2.1), we obtain an isomorphism
and a (Dorfman) bracket given by
The equivariance of the splitting and of the transported lifted action
can be written respectively as
For any choice of connection A : T P → V P on P , the following lemma provides a preferred presentation of the lifted action and the curvatureĤ up to a B-field transformation. Similar ideas have been considered previously in [13, Ex. 6.2] , but the following result does not seem to be in the literature. Consider the Chern-Simons 3-form
where F = F A ∈ Ω 2 (P, V P ) G denotes the curvature of the connection
Recall that CS(A) is defined such that its differential equals the representative of the first Pontriagin class of the bundle
and, more explicitely, it can be written as
Lemma 2.2. For any connection A : T P → V P there exists an equivariant isotropic splitting λ : T P →Ê and a 3-form H ∈ Ω 3 (M) such that
This splitting is unique up to basic B-field transformation, that is, transformation by pull-back of a 2-form b ∈ Ω 2 (M)
and note that
Then, in the equivariant splitting λ ′ = e b λ the lifted action is given by
. To prove (2.8), it is enough to check that
for any z ∈ g. Note that i Yz (Ĥ + db) = dξ ′ z by (2.5) and hence, using that dξ
which proves (2.8). The statement about uniqueness is obvious.
Our discussion lead us to the following converse of the previous result, that shall be compared with the main result in [19] . Proposition 2.3. Given an invariant quadratic form c on g and a principal G-bundle P with vanishing first Pontryagin class, there exists a canonical exact Courant algebroid over P , endowed with a lifted action and admitting an equivariant isotropic splitting, uniquely determined up to isomorphism.
For the proof, one simply makes a choice of connection and defines a bracket on T P ⊕ T * P using the closed three form (2.8). The lifted action is then given by (2.7) and the independence of the choices up to isomorphism follows from the proof of the previous lemma. Note that we have the following structure equation for the exterior differential of the 3-form
2.2. Non-isotropic lifted actions. We consider now the case when c is nondegenerate, in the context of Proposition 2.3. Using the lifted action, we can construct a reduced Courant algebroid E over M = P/G. For this, let
have constant rank and hence define G-equivariant vector bundles over P . Therefore, we can define E as the quotient vector bundle (see equation (15) in [14] )
, we obtain that E inherits a structure of Courant algebroid over M with surjective anchor, that is, a transitive Courant algebroid.
As the image of the lifted action K is not isotropic, the reduced space E is no longer an exact Courant algebroid, as we will see explicitely in the next proposition. In the sequel, we denote by T the tangent bundle of M and by ∇ A the connection on ad P induced by a connection A, explicitely given by (see [4] )
for X ∈ Ω 0 (T ) and r ∈ Ω 0 (ad P ).
Proposition 2.4. Suppose that c is non-degenerate. Then, any connection A determines an isomorphism
and a 3-form H on M, uniquely up to basic exact 3-forms, such that the symmetric pairing is given by
and the Dorfman Bracket is given by
Proof. By Lemma 2.2, given A there exists an equivariant isotropic splitting such that
Then, a direct calculation shows that
where Ω 1 (P ) bas denotes the space of basic 1-forms in P . Hence,
and the sections of E are given by invariant sections of K ⊥ , which are canonically identified with
The statement is now straightforward by direct calculation of the Courant bracket
and the symmetric pairing on Γ(
To compare the previous result with the analysis of regular Courant algebroids in [19] , note that any connection A provides further an isomorphism
which endows T ⊕ ad P ⊕ T * with a standard structure of transitive Courant algebroid (see [19, §2] ).
Admissible metrics and torsion free connections
In this section we study generalized geometry on the reduced Courant algebroid
provided by Propositions 2.3 and 2.4, focusing on generalized metrics and torsion free connections, following [20, 31] . We define a notion of generalized metric on E that we call admissible and construct a compatible torsion free generalized connection D 0 in a canonical way. As pointed out in [20] , torsion free metric connections in generalized geometry are not unique, and this enables us to consider deformations of D 0 adding a Weyl term. Although E and T ⊕ ad P ⊕ T * are isomorphic, there exists no canonical isomorphism, so we adopt a splitting independent approach. Generalized connections and its torsion were defined by M. Guatieri in [31] . Here we follow closely his approach. We rely on previous results on generalized geometry for transitive Courant algebroids by R. Rubio in [46, Section 2.1].
3.1. Preliminaries: Linear geometry. In this section we recall the linear geometry of a fibre W = E x of the reduced Courant algebroid [19, 46] , to introduce the neccessary notation and conventions.
Let W and V * be real vector spaces, defining a complex
for a surjective map π. We assume that W is endowed with a metric ·, · of arbitrary signature such that the image of V * → W * is isotropic. Furthermore, we assume that the first arrow is given by the composition of
with the isomorphism W ∼ = W * given by the metric. Then, we have canonical flags
Moreover, V * = Ker π ⊥ and hence g inherits a metric c from W , that we assume is non degenerate.
Given an isotropic splitting λ : V → W of (3.2) we can construct an isomorphism
such that the transported metric is given by
More explicitely, if we denote by λ ⊥ the orthogonal to the image of λ, the induced isomorphism is
where π Q : W → Q is the natural projection and π Q|λ ⊥ is the isomorphism given by its restriction to λ ⊥ . The space of isotropic splittings of (3.2) is an affine space modelled on the vector space Ω 2 ⊕ Ω 1 (g), where, given a non-negative integer k, we use the notation
To see this, note simply that any other isotropic splitting can be constructed as
To calculate the change in the isomorphism (3.6), recall from [46] that in the splitting (3.5) a general element of the Lie algebra so(W ) of orthogonal symmetries can be written as a block matrix, given by
where
and a straightforward calculation shows that e b,a = Ψ
Following [46] , such a symmetry will be called a (b, a)-transform. Exponentiation endows the product Ω 2 × Ω 1 (g) with a natural group operation
that acts transitively on the space of isotropic splittings, where the right hand side corresponds to the element
3.2. Admissible generalized metrics. Let us denote by (t, s) the signature of the metric on E. A generalized metric of signature (p, q), or simply, a metric on E is a reduction of the O(t, s)-bundle of frames of E to
Alternatively, it is given by a subbundle
such that the restriction of the metric on E to V + is a non-degenerate metric of signature (p, q). We denote by V − the orthogonal complement of V + on E.
A generalised metric determines a vector bundle isomorphism
with ± eigenspace V ± , which is symmetric G * = G and squares to the identity G 2 = Id. The endomorphism G determines completely the metric, as V + is recovered by
The main difference with the definite case studied in [28] is that, in arbitrary signature, V + may cut T * on a non-trivial isotropic subspace. This motivates the first condition in the previous definition.
The second condition will imply that admissible metrics have a similar structure as definite generalized metrics on an exact Courant algebroid, that is, they are given by a pair consisting of an isotropic splitting of E and a metric on M. To see this, note that for any admissible metric V + the restriction of π Q to V + induces an isomorphism with Q = E/T * by transversality. This isomorphism provides an isometry V + ∩ Ker π ∼ = ad P and hence the orthogonal complement (V + ∩ Ker π) ⊥ ⊂ V + inherits a nondegenerate metric g, that we can identify with a metric on T via the isomorphism π ⊥ : (V + ∩Ker π) ⊥ → T induced by π. The isotropic splitting determined by V + is then given by
and, in summary, we have the following: equivalent to a pair (g, λ) , where g is a metric on T and λ : T → E is an isotropic splitting such that
Note that using the isomorphism Ψ λ (3.6) the admissible metric has a very simple description
(3.10)
Definition 3.1 and Proposition 3.2 extend previous constructions by R. Rubio for abelian group G [45] . Our next task is to describe an admissible metric in more geometric terms: we will see that any such metric V + determines a connection A on the principal bundle P and a 3-form H on M, related by (2.9), which enable to describe the bracket in the splitting provided by V + .
Remark 3.3. Geometrically, an admissible metric contains the information of an invariant metric on the total space of P that induces the metric c on the vertical bundle, that is, a metric on the base M and a connection on P .
Proposition 3.4. An admissible metric V + on E determines a metric g and a 3-form H on M and a connection A on P , related by (2.9), such that the bracket in the splitting provided by V + is given by (2.11). Conversely, any pair (g, A) determines an admissible metric, uniquely up to transformation by b ∈ Ω 2 , given by
in a splitting (2.12) provided by the connection A.
Proof. Let A ′ be an auxiliary connection on P and consider an isomorphism
induced by A ′ , as described in Proposition 2.4, with 3-form H ′ ∈ Ω 3 and bracket (2.11). As the group Ω 2 × Ω 1 (ad P ) acts transitively on the space of isotropic splittings, by Proposition 3.2 there exists a (b, a)-transform such that
The first part of the statement reduces to calculate the Dorfman bracket in the splitting provided by V + , given by
To calculate this, we consider the isomorphism
similarly as in the proof of Proposition 2.4. Then, defining
where e p * b+c(a∧A) denotes the B-transform by p
Therefore, arguing as in Proposition 2.4, we conclude that the bracket (3.12) is given by (2.11) with connection A and 3-form
The converse is straightforward from Proposition 3.2.
3.3. Generalized connections and torsion. A generalized connection D [31] on E is a first order differential operator
satisfying the Leibniz rule D e (f s) = f D e s + π(e)(f )s, for s, e ∈ Γ(E) and f ∈ C ∞ (M). We will only consider generalized connections compatible with the inner product on E, that is, satisfying
Given a (standard) connection ∇ E on E compatible with ·, · we can construct a generalized connection by D e s = ∇ E π(e) s and we note that any other generalized connection differs from D by an element
In particular, given a connection A on P and a connection ∇ T on T , we can consider the connection on E induced by
in a splitting E ∼ = T ⊕ad P ⊕T * provided by A (see Proposition 2.4 and (2.12)). Let us fix a connection A. We now calculate an explicit formula for the generalized torsion of an arbitrary generalized connection
for ∇ E as in (3.13) . Recall that the generalized torsion, defined by Gualtieri in [31] , is an element T D ∈ Λ 3 E * defined by is the skew symmetrization of the Dorfman bracket on E. Let us denote by T ∇ the torsion of the connection ∇ T and consider the natural projection (see Proposition 2.4)
Denoting by λ : T → T ⊕ ad P ⊕ T * the canonical isotropic splitting and ΣT ∇ (e 1 , e 2 , e 3 ) = π * λ(T ∇ )(e 1 , e 2 ), e 3 − π * λ(T ∇ )(e 1 , e 3 ), e 2 + π * λ(T ∇ )(e 2 , e 3 ), e 1 ,
Σχ(e 1 , e 2 , e 3 ) = χ e 1 e 2 , e 3 − χ e 2 e 1 , e 3 + χ e 3 e 1 , e 2 , a straightforward calculation using (2.11) lead us to the following formula.
Lemma 3.5.
Let V + be an admissible generalized metric on E, with associated endomorphism G : E → E. We use now formula (3.14) to define a canonical torsion-free generalized connection D 0 compatible with G, that is, satisfying
Equivalently, a generalized connection is compatible with G if and only if it preserves the factors in the orthogonal decomposition
In the sequel we use the splitting of E given by V + (see Proposition 3.
2)
and consider the corresponding metric g and connection A (see Proposition 3.4). In this splitting G has the following simple expression
Define the generalized connection 
By (3.14) we have that the torsion of D ′ + χ equals
We want to find χ as before such that (3.16) vanishes. For this, we define
for e = X + r + ξ. By construction, we have that
We introduce the notation
, where
denote the orthogonal projections and e ± j = Π ± e j . Proposition 3.6. The following expression defines a torsion free generalized connection compatible with
The proof follows from formula (3.16) and a straightforward calculation and is left to the reader.
A remarkable fact about the connection D 0 is that it singles out four (standard) connections on T with skew torsion, compatible with the metric g, given by
For our purpouses, we will focus in the pair given by ∇ + and ∇ 1/3 . This pair of connections was used by Bismut [10] to prove a Lichnerowicz type formula for the square of the Dirac operator of ∇ 1/3 , to which we will come back later (for physical applications see [40] ).
To see the role of ∇ + and ∇ 1/3 , we need to give explicit formulae for our connection D 0 . Note that in the splitting E ∼ = T ⊕ ad P ⊕ T * provided by V + we can write (see Proposition 3.2) 
Remark 3.7. The pair ∇ − and ∇ 1/3 was used by Bismut [10] to prove a local index theorem for connections with skew torsion, and more recently by Ferreira [25] to prove a vanishing theorem for twisted De Rham cohomology.
As pointed out in [20] , the conditions (3.15) do not determine D uniquely. Indeed, any other torsion free generalized connection compatible with V + is of the form
We use now this fact to construct a family of such generalized connections parameterised by Ω 1 (M), that we will use in our applications in §5. Given a 1-form ϕ ∈ Ω 1 (M), regard ϕ ∈ E * and consider the Weyl term More generally, we can take an arbitrary element ϕ ∈ E * to define D ϕ .
Remark 3.8. Let Aut E denote the group of automorphisms of E, that is, automorphisms of the vector bundle E covering a diffeomorphism on M and preserving the bracket and the product (see [14, Definition 2.2] ). Note that the map V + → D 0 defined by assigning the canonical generalized connection D 0 to an admissible metric V + is natural, in the sense that it is equivariant with respect to the natural action of Aut E in the domain and the target. We believe that this condition is strong enough to determine such a map uniquely. If so, D 0 should be considered as the analogue of the Levi-Civita in generalized geometry.
Remark 3.9. The generalized connection D ϕ provides an analogue of the LeviCivita connection on a Weyl manifold. Recall that a pair (g, ϕ) on M, given by a metric g and ϕ ∈ Ω 1 (M), determine a Weyl structure on M [39] . A Weyl structure carries a unique Levi-Civita connection ∇ ϕ , that is, a torsion free and compatible connection, in the sense that
Using the Levi-Civita connection ∇ g of g, we can write an explicit expression for ∇ ϕ given by
To see the analogy, note that the second summand in (3.23) does not lie in Ω 1 (o(T M)) and hence does not have a natural analogue in generalized geometry (it cannot be expressed in terms of the principal bundle of orthonormal frames of E). Therefore, we see that our expression for D ϕ is formally as (3.23) once we drop ϕ ⊗ Id /2.
Generalized curvature
In this section we calculate the generalized curvature and the generalized Ricci tensor of an admissible metric on the reduced Courant algebroid E, with respect to an arbitrary torsion free, compatible generalized connection. In particular, we give explicit formulae for the family of generalized connections D ϕ constructed in Section 3.3.
4.1. Generalized curvature. The generalized curvature of a generalized connection D [31] is defined by
for e 1 , e 2 ∈ C ∞ (E). This quantity becomes tensorial evaluated on a pair of orthogonal sections. In particular, given a generalized metric
we obtain a tensor by restriction
Let us fix ϕ ∈ Ω 1 (M) and an admissible metric V + ⊂ E, with corresponding metric g and connection A. Consider the torsion free, compatible, generalized connection D ϕ constructed in Section 3.3. We want to calculate explicitely its curvature GR(e + 1 , e − 2 )e + 3 ∈ V + , for e + j ∈ V + , j = 1, 3, and e − 2 ∈ V − . To find a closed formula for GR, we define a tensorial quantity depending on the pair of connections ∇ + and ∇ 1/3 , that is,
The tensor R 1/3 is an hybrid of the curvatures of ∇ + and ∇ 1/3 (cf. [26, Th. 1.1]), that can be written more explicitely as
For the calculations below, we set ∇ = ∇ A and denote D ϕ by D, to simplify the notation. Using the splitting E ∼ = T ⊕ ad P ⊕ T * provided by V + (see Proposition 3.2) and the notation in (3.19) we obtain
Using the equality
we also obtain
Finally, the identities
lead us to the following expression for the curvature Lemma 4.1.
A careful inspection shows that this expression is tensorial in e To calculate GRic, define the tensors
where {e j } n j=1 and {r j } m j=1 are, respectively, orthonormal basis for g and c. Using H • H, we can now write the Ricci tensor of the connection ∇ + as
where Ric g denotes the Ricci tensor of g. Recall that the adjoint of the exterior differential of a k-form β can be calculated as
and and also that
where ind(g) denotes the index of the metric g. Then, as a straightforward consequence of Lemma 4.1, we obtain the desired expression for the generalized Ricci tensor.
Proposition 4.2.
GRic(e − 2 , e
Application to Supergravity
In this section we apply the theory of admissible metrics on a transitive Courant algebroid, developed in the previous sections, to provide a novel description of the field equations of heterotic supergravity. To clarify ideas an exhibit the main differences of our approach with that of [20] , we first discuss an oversimplified version of Type II supergravity.
5.1. Type II supergravity. Here we essentially follow the description of Type II supergravity in [20] , focussing on the new aspects provided by our construction. This is a ten dimensional supergravity theory on spin manifold M, i.e. oriented, with w 2 (M) = 0, and a choice of γ ∈ H 1 (X, Z 2 ), which arises in the low-energy limit of Type II string Theory.
The (bosonic) field content of this theory is given by a metric g of signature (1, 9) , a dilaton φ ∈ C ∞ (M) and a 3-form H ∈ Ω 3 (M), with action
The equations of motion of this theory are therefore given by (with the notation in §4)
where |H| 2 = 1 6 i,j,k H(e i , e j , e k ) 2 with respect to an orthonormal frame for g. Crucially, consistency also requires the condition dH = 0.
Note that we have set the RR fields to zero and neglected the fermionic equations of motion [20] to simplify the discussion.
To describe the previous conditions in terms of generalised geometry, we fix a cohomology class Ω ∈ H 3 (M, R). Consider the exact Courant algebroid
on M determined by this class (see e.g. [29] ). Recall that an admissible metric V + on E (see Definition 3.1) determines a pseudo-Riemannian metric g on M and a closed 3-form H ∈ Ω and therefore, up to the dilaton field, an admissible metric of signature (1, 9) contains precisely the field content of Type II supergravity. We should notice that our defition of admissible metric 3.1 makes sense for exact Courant algebroids. In this context, an admissible metric is a generalised metric
of arbitrary signature that is transverse to T * M. To introduce the dilaton, we use the freedom in the choice of torsion-free generalized connection compatible with V + as explained in Section 3.3. Given a dilaton φ ∈ C ∞ (M), we consider the torsion free, V + -compatible, generalized connection D φ determined by the 1-form
Explicitly, in the splitting E ∼ = T ⊕ T * provided by V + , we have
where v ∓ = X ± gX and w ± = Y ± gY . This formula shall be compared with formula (4.31) in [20] . Using the notation in Proposition 4.2, this lead us to the following formula for the generalized Ricci tensor of D φ , that provides a unified description of the first and third equations in (5.1)
For the second equation, we follow the interpretation in [20] in terms of the generalized scalar curvature. Consider the standard decomposition of the spinor bundle
The generalised scalar curvature GS of D φ arises from a Lichnerowicz type formula that compares the square of the Dirac operator
As pointed out to me by N. Hitchin, taking into account the relation of the Generalised connection D φ with the standard connections ∇ + and ∇ 1/3 , this formula should be compared with Bismut's Lichnerowicz type formula for the cubic Dirac operator [10] (see also [25, Th. 2 
.1]).
The next result is a direct consecuence of the previous formulae. In contraposition to [20] , here the quatities GRic and GS depend on the choice of torsion free generalised connection. The special role played by the connection D 0 in generalised geometry certainly deserves further studies, that we leave for elsewhere (see Remark 3.8) .
In addition to the equations of motion, in order to find a classical solution of the theory supersymmetry requires the existence of a pair of spinors ǫ ± ∈ S ± (V + ) satisfying the Killing spinor equations [20] . As pointed out in [20] , this equations admit an elegant expression in terms of the generalised connections D φ (e.g. for ǫ + )
5.2. Heterotic supergravity. The low-energy limit of heterotic string theory, often called heterotic supergravity, is formulated on a 10-dimensional spin manifold M endowed with a principal bundle P Y M with compact structure group K, contained in SO(32) or E 8 × E 8 . We denote by − tr k the killing form on the Lie algebra k of K. In addition to the (bosonic) field content of Type II supergravity, in heterotic supergravity there is also a gauge field A, that is, a connection on P Y M . The action is given by
where α ′ is a real (positive) parameter of the theory, the norm squared of the curvature F A is taken with respect to − tr k (we use the notation in [43] , with the opposite sign convention for the killing form) and R is the curvature of a spin connection ∇ T on M for the metric g. Here, the norm of R is taken with respect to the corresponding killing form on so(1, 9), that we denote − tr.
An important (and particularly confusing) feature of this theory is that the H-field is locally described in terms of a B-field potential and the ChernSimons 3-forms of A and ∇ T as
Although this expression can be apparently made rigorous using a complicated definition for the B-field [52] , we take it here as a rather formal expression. It implies a well defined global constraint for the exterior differential of the
4) that arises as a requirement to have an anomaly free theory.
Taking the local form (5.3) of the H-field into account, the equations of motion of this theory can be written as (with the notation in §4 and c = tr − tr g )
The second summand in the last two equations arises from the variation of the term |H| 2 and (5.3). The last equation comes from the variation of the connection ∇ T , that we consider here as an additional field of the theory.
Remark 5.2. In the physics literature (the unfamiliar reader can skip this remark), each field in heterotic supergravity is considered as a formal power series in α ′ . In [35] it is argued that, when considering the full expansion of the fields and taking into account the supersymmetry variations, the connection ∇ T must equal the connection with skew-torsion ∇ − (with connection ∇ + for the supersymmetry variations [43] ). In this work, however, we are going to consider the equations of motion up to one loop as exact. Taking into account the supersymmetry variations up to one loop, to obtain a sensible theory we must consider the connection ∇ T as an additional field in the theory (otherwise we obtain an overdetermined system in the light of the main result in [37] (see also [24] )). Remark 5.3. As is common in the literature (see e.g. [24] ), we have neglected the equation coming from the variation of the dilaton
This is justified because this equation is a esentially a consequence of the others. More precisely, applying the covariant derivative ∇ g in the first equation of (5.5) and contracting with the metric, combined with the second equation, we obtain that the left hand side is constant (to the knowledge of the author, this was originally observed in [15] . See also [23, §6.9] ). This constant can be proved to be zero taking the supersymmetry variations into account. A proper understanding of the supersymetry variations and the dilaton equation in the framework of generalised geometry requires the study of spinors in transitive algebroids, that we hope to address in future work.
We now apply our theory to provide a natural description of the field equations (5.5) and (5.4) in terms of generalized geometry. Let P M be the SL(10, R)-bundle of oriented frames of the tangent bundle. Let P be the principal bundle given by the cross product of P Y M and P M . On the Lie algebra of the structure group g = k ⊕ sl(10, R), we fix the non degenerate pairing c = α ′ (tr k − tr),
given by re-scaling the difference of the killing forms on sl(10, R) and k. Assume that the first Pontrjagin class of P with respect to c vanishes p 1 (P ) = 0 or, equivalently, p 1 (P Y M ) = p 1 (P M ). Note that this is the necessary and sufficient condition to have solutions of the anomaly equation (5.4) . By Proposition (2.3), this condition determines a canonical exact Courant algebroid 0 → T * P →Ê → T P → 0 endowed with a lifted G-action with non-degenerate pairing c (see (2. 3)) and such that it admits an equivariant isotropic splitting. Consider the reduced transitive Courant algebroid 0 → T * → E → T → 0 given by Proposition 2.4. On the reduced algebroid E, we consider admissible metrics V + such that g has signature (1, 9) and the connection on P is a product of a connection A on P het and a spin connection ∇ T on P M compatible with g. With this assumption, we have
and therefore, up to the dilaton field, an admissible metric V + contains precisely the field content of heterotic supergravity. To introduce the dilaton, we use the freedom in the choice of torsion-free generalized connection compatible with V + as explained in Section explained in Section 3.3. Given φ ∈ C ∞ (M), we consider the generalized connection D φ determined by the 1-form ϕ = −6 rk V + − 1 dφ.
Using the notation in Proposition 4.2, this lead us to the following formula for the generalized Ricci tensor
GRic(e Remark 5.5. We should mention that our discussion also applies to EinsteinYang-Mills supergravity [17, 8, 18] , by considering P = P Y M . The field equations of this theory are given by (5.4) and (5.5) by formally setting R equals to 0.
An interesting fact in the previous result, as well as in the generalized geometric treatment of type II supergravity [20] , is that the three natural quantities which arise from the generalized Ricci tensor, agree exactely with the leading order term in α ′ -expansion of the β functions β G , β B , β A arising in the heterotic sigma model [15] (see also [23, p.990] ) (as in [20, 21] , we expect the leading term of the remaining function β φ to arise from the generalized scalar curvature). The vanishing of the β functions is the condition for conformal invariance of the associated quantum field theory, which stablishes an identification between the renormalization group flow of these physical theories with the generalized Ricci flow.
